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Primero presentamos un marco abstracto. Sea (V, |) un espacio de Banach, V; C V un subespacio denso de V. Sea
L: Vo C V - V un operador lineal. El operador L suele ser no acotado y puede pensarse como un operador diferencial. Considere
el problema del valor inicial

M _p 0,T
(1) FTi u en [0,T].
U= Uy en {t =0}.

Este problema también representa un problema de valor inicial / frontera con condiciones de valor de frontera homogéneo
cuando ellas se incluyen en las definiciones del espacio V' y el operador L. La siguiente definicién da el significado de solucién del
problema.

Definicién 1

Una funcién u: [0,T] — V es una solucién del problema de valor inicial (6.2.1) si y solo si

1
vte [0,T],u(t) e Vo:Ah;xPOHE [ (t+At) —u(t)] —Lu (t)H =0y u(0) = u.

En la definicién anterior, se entiende que el limite en (6.2.2) es el limite derecho en t = 0y el limite izquierdo en t = T.
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Definicién 2

El problema de valor inicial (6.2.1) es bien planteado si para cualquier iy € V), existe una solucién Gnicau = u (t) y la solucién
depende continuamente del valor inicial: Existe una constante ¢y > 0 tal que si u (t) y 7 (t) son las soluciones para los valores
iniciales ug, 1y € V, entonces

sup |lu (t) —u (B)lly, < colluo — olly-
te[0,T]

De ahora en adelante, suponemos que el problema del valor inicial (6.2.1) estd bien planteado. Denotamos la solucién como
ut)y=SMuy ug€Vy te0T]

Usando la linealidad del operador L, es ficil ver que el operador solucién S (t) es lineal. De la propiedad de dependencia continua
(6.2.3), tenemos

sup IS (8 [ug = uo]lly, < collug = Holly-
te[0,T]
Vug € Voo sup IS5 uglly, < collio—lly-
te[0,T]

Segtin el teorema 2.4.1, el operador S (t) : Vo C V — V puede ser inicamente extendido a un operador lineal continuo
S():V - Vcon
sup IS (Olly, < co-
te[0,T]
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Definicién 3

Foruy € V \ Vo, we call u (£) = S (f) uy the generalized solution of the initial value problem (6.2.1).

Ejemplo 1
We use the following problem and its finite difference approximations to illustrate the use of the abstract framework of the

section: 5
ou d“u
{E = vm en [0,71] x (0,T).

U =1y en [0,7t] x {t = 0}.

We take V = C( [0, 77] = {v € C[0,7t] | v (0) = v (71) = 0} with the norm Illcro,-7- We choose

n
Vo= {vlv(x) =] ajsin(jx),a]- eER,ne N}
=1

]

The verification that Vj is dense in V is left as an exercise.

If uy € Vy, then for some integer n > 1and by, ..., b, € R,

uy (x) = Z b;sin (jx) .
j=1
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For this 1, it can be verified directly that the solution is
u(x, t) = Z bjexp (—vjt) sin (jx) .
j=1

By using the maximum principle for the heat equation (see, e.g. [78] or other textbooks on partial differential equations),

min{0, min < ,t) <mdx{0, md
{ xe[o,n]uO(x)}_u(x )< ax{ xe[&);]uo(x)}

we see that
Vte [0,T]: mix |u(x,t)| < max |ug (x)].
[0,T] xe[O,n]‘ ( )‘_XE[O,H]‘ 0 ()]

Thus the solution operator S (t) : Vo C V — V is bounded. Then for a general iy € V, the problem (6.2.4) has a unique solution.
If uy € V has a piecewise continuous derivative in [0, 7], then from the theory of Fourier series,

Ug (x) = ij sin (jx), where b= % fon g (x) sin (jx) dx.
=1
and the solution u (t) can be expressed as

u(x,t) =St ug (x) = ij exp (—vj?t) sin (jx) .
=
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Return to the abstract problem (6.2.1). We present two results, the first one is on the time continuity of the generalized solution
and the second one shows the solution operator S (t) forms a semigroup.

Proposicion 1

For any u, € V, the generalized solution of the initial value problem (6.2.1) is continuous in f.

Demostracion.
For any uy € V, there exists a sequence {ug,} C V, such that
Jim flug,, — uolly, = 0.

Since for any n € N, u, () = S (t) ug,, is continuous in ¢, the generalized solution u (t) = S (t) uy is also continuous in £. The
proof'is complete. O
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Proposicion 2

Assume the problem (6.2.1) is well-posed. Then for all 1,y € [0, T] such that t; + ty < T, we have S (t; + tg) = S (t1) S (o).

Demostracion.

For any uy € V), we have
S (ty + to) ug = S (1) [S (o) uo] -
Since Vy is dense in V and both S (t; + t) and S () S () are continuous linear operators on V, we have

S(t; +to) =5 (t1) S (to) -

The proof is complete. O



Now we introduce a finite difference method defined by a one-parameter family of uniformly bounded linear operators
CAH:V -V, 0<At<A,
Here Ag > 0is a fixed number. The family {C (Ah)}ys<a, is 52id to be uniformly bounded if there is a constant ¢ such that
VAL € (0,A0] : [C(AD < ¢
The approximate solution is then defined by

up, (mAt) = C (A" ug, m=0,1,...,|T/At].
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The difference method is consistent if there exists a dense subspace V. of V such that for all u, € V., for the corresponding
solution u of the initial value problem (6.2.1), we have

lfm
At—0

Ait [C(At)u (t) —u (t +At)]H = 0 uniformly in [0, T].

Assume V, NV # @. Foruy € V. NV, we write

% [CAHu(t) —u(t+At) —u(t+AH)] = [% —L]u(t) - [W —Lut)].
Since u(t+ Aty —u(t)
= u' (t) asAt -0,
we have
E% Hé [C(AD)u(t) —u(t+ At)]” =0.
Ejemplo 2

Let us now consider the forward method and the backward method from Example 6.1.1 for the sample problem (6.2.4). For
the forward method, we define the operator C (At) by the formula

CAhovx)=1=-2rov(x)+r[vx+Ax)+v(x—Ax)],

where Ax = 4 "TN and if x + Ax € [0, 7], then the function v is extended by oddness with period 27z.



We identify At with h; and Ax with .. Then C (At) : V - V is alinear operator and it can be shown
Yo e V:|C@Ah, < (1 —=2r1+2n)lly -

So
ICAY|| <11 —2r+2r,

and the family {C (AH)}y s<a, is uniformly bounded. The difference method is
UAE(t,) = C (DD U (byy), m=1,2,..., | T/A]

or
tpt () = C(AD g ().

Notice that in this form, the difference method generates an approximate solution u,; (x, t) that is defined for x € [0, 7] and

t=t,,m=0,1,..,N; Since

Upy (xj, t,,,+1) =(1—=2r)up; (xj,tm) +7r [um (xj_l,t,,l) + Upp (x]»+1,tm)] ,1<j<N,-1,0<m<N; -1,

we see that the relation between the approximate solution u,, and the solution v defined by the ordinary difference scheme
(6.1.8)=(6.1.10) (with £, = 0) is
tpt (Xjty) =, 0<j<N,0<m<N,

As for the consistency, we take V.. = V. For the initial value function (6.2.6), we have the formula (6.2.7) for the solution which
is obviously infinitely smooth. Now using Taylor expansions at (x, ), we have
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